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Abstract
The generalized Stokes theorem (connecting integrals
of dimensions 3 and 4) is formulated in a curved
space-time in terms of paths in Minkowski space. A
covariant integral form of the conservation law for the
energy-momentum of matter is then derived in Gen-
eral Relativity. It generalizes Einstein’s equivalence
principle, excluding gravitational field from the con-
servation law for the energy-momentum of matter.
1 Introduction
The question of conserving energy-momentum in
General Relativity (GR) always attracted much at-
tention. One of the reasons is that covariant descrip-
tion of energy-momentum seems to be incompatible
with the integral conservation law. Particularly, it is
generally believed that no integral conservation law
follows from the covariant differential conservation
law for the energy-momentum tensor (EMT) of mat-
ter (i.e. from its covariant divergence being zero)
[1, 2].
We shall show that this is not quite right: the nul-
lification of the divergence of material EMT yields a
sort of integral conservation law, although it is formu-
lated in unusual way. The covariant integral conser-
vation law for the material EMT will be formulated in
terms of path groups introduced earlier for the alter-
native formulation of gauge theory and gravity (see
[3] and references therein). The formalism of path
groups is a group-theoretical version of the Mandel-
stam’s path-dependent wave functions formalism and
the Yang’s non-integrable phase factors [4].
The resulting form of the conservation law for the
material EMT is unusual. It is formulated not di-
rectly in the physical space-time X but rather in
a “standard flat space-time”. The latter is the
Minkowski space M which may be considered as a
model of any tangent space to X . The standard
space-time M is connected with the physical space
X in a non-holonomical way. This is used for charac-
terization of points in X in terms of paths in M.
It has been shown earlier that the equivalence prin-
ciple (EP) for the mechanical law of motion as well
as its quantum generalization may be naturally for-
mulated in terms of the ‘standard’ space-time M
[5]. The material energy-momentum conservation
law will be formulated also in terms of M and in-
terpreted as EP for energy: gravitational field may
be excluded from the formulation of this conserva-
tion law.
Let us set forth the problem systematically. In the
flat (Minkowski) space-time, i.e. in the case of null
gravity, energy and momentum are described locally
by the corresponding EMT Tαβ (α, β = 0, 1, 2, 3)
which satisfies the ‘differential conservation law’
∂βT
αβ = 0 (1)
where ∂β = ∂/∂ξ
β are derivatives in the coordinates
ξβ of Minkowski space (β = 0, 1, 2, 3).
The corresponding integral conservation law fol-
lows (see for example [2]) from the 4-dimensional
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Gauss theorem∫
∂W
Tαβ dσβ =
∫
W
∂βT
αβ dw (2)
whereW is a 4-dimensional region of space-time, ∂W
its (3-dimensional) boundary, dw and dσα are corre-
spondingly elements of 4-volume and of area of the
3-dimensional hypersurface in Minkowski space. It
follows from Eq. (1) that the integral in the r.h.s. of
Eq. (2) is zero for anyW . Therefore, the l.h.s. is null
for the boundary ∂W of an arbitrary 4-volume.
Let W be a 4-volume swept by some 3-volume V
during a time interval [t1, t2]. Then the boundary ∂W
of W consists of two space-like hypersurfaces (‘bot-
tom’ and ‘top’ ones) presenting the 3-volume V at the
two time moments t1 and t2, and a time-like ‘side’ hy-
persurface which presents the boundary ∂V of V in
all times between t1 and t2. The null value of the
l.h.s. of (2) is then naturally interpreted as an inte-
gral form of the conservation law: the difference be-
tween energy-momentum in the volume V at times
t2 and t1 is equal to the flow of energy-momentum
throw the boundary of V during the interval [t1, t2].
Eq. (2) is a special case of the generalized Gauss
theorem ∫
∂W
H =
∫
W
dH (3)
where H = Hαβγ dξ
α ∧ dξβ ∧ dξγ is 3-dimensional
external form and dH = ∂[αHβγδ] dξ
α ∧ dξβ ∧ dξγ ∧
dξδ its (4-dimensional) external derivative (the sign
[ ] here stands for antisymmetrization).
The 4-dimensional Gauss theorem (2) is obtained
from Eq. (3) for the four 3-forms H
(α′)
βγδ = T
α′α ǫαβγδ
(α′ = 0, 1, 2, 3) if it is denoted:
dξ0 ∧ dξ1 ∧ dξ2 ∧ dξ3 = δw,
dξα ∧ dξβ ∧ dξγ = ǫα
′′αβγ δσα′′ . (4)
Here ǫαβγδ is the 4-dimensional completely antisym-
metric discriminant tensor defined by ǫ0123 = 1.
Let us make the Stokes theorem more concrete by
parametrizing the manifolds of integration as
W : ξ = ξ(τ1, τ2, τ3, τ4), 0 ≤ τi ≤ 1,
∂W : ξ = ξ˜(τ1, τ2, τ3) = ξ(τ1, τ2, τ3, 1). (5)
Then the Stokes theorem (3) connecting the 3D and
4D integrals may be rewritten as
IH(∂W ) = IdH(W ) (6)
where
IH(∂W ) = 3!
∫ 1
0
dτ1
∫ 1
0
dτ2
∫ 1
0
dτ3
×
∂ξ˜α
∂τ1
·
∂ξ˜β
∂τ2
·
∂ξ˜γ
∂τ3
Hαβγ(ξ˜), (7)
IdH(W ) = 4!
∫ 1
0
dτ1
∫ 1
0
dτ2
∫ 1
0
dτ3
∫ 1
0
dτ4
×
∂ξα
∂τ1
·
∂ξβ
∂τ2
·
∂ξγ
∂τ3
·
∂ξδ
∂τ4
∂[αHβγδ ](ξ).
Consider now special features of EMT in Gen-
eral Relativity (GR) which is formulated in a curved
(pseudo-Riemannian) space-time X . Denote the co-
ordinates in X as xµ, and the derivatives in these
coordinates as ∂µ = ∂/∂x
µ, µ = 0, 1, 2, 3. If the di-
vergence ∂νT
µν of EMT had everywhere null value,
the conservation of energy-momentum could be de-
rived in the usual way (see above). This however is
not the case in GR.
Einstein equations of GR have the form
Rµν −
1
2
gµνR = κTµν , (8)
where the r.h.s. is proportional to the EMT of matter
Tµν and the l.h.s. is Einstein tensor. It follows from
the so-called Bianchi identity that the covariant di-
vergence (expressed through the covariant derivatives
∇µ instead of ∂µ) of Einstein tensor is zero. There-
fore, the same is valid for the EMT of matter:
∇νT
µν = 0. (9)
No integral energy-momentum conservation law
could be derived from the covariant equation (9)
with the help of the usual procedure sketched above.
To solve the problem, Einstein introduced a pseu-
dotensor presenting energy-momentum of gravita-
tional field. One may (see for example [2]) rewrite
the covariant differential law (9) in the form
∂ν(−g)(T
µν + tµν) = 0 (10)
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where the non-tensor entity tµν (transforming non-
covariantly under change of the coordinate frame)
is the pseudotensor of energy-momentum of grav-
itational field. Eq. (10) yields the conservation
law for the total (material + gravitational) energy-
momentum but with the localization of gravitational
energy-momentum described by the pseudotensor in-
stead of a tensor, i.e. non-covariantly.
Equation (9) for material EMT is called sometimes
covariant differential energy-momentum conservation
law because of the evident analogy with Eq. (1).
However, no integral conservation law has been de-
rived from the covariant equation (9).
We shall show that an integral conservation law
for the material EMT T µν does in fact follow from
the differential conservation law (9). The price paid
for this feasibility is that the path-dependent forms
are used in the corresponding integrals instead of
the usual local (point-dependent) forms. This re-
flects the non-holonomic character of the connec-
tion between physical space-time X and ‘standard’
Minkowski space-time M. Mathematically this is
naturally presented in the framework of the formal-
ism of path groups (see [6, 3]).
More concretely, we shall derive analogues of
Eqs. (6,7) and therefore of Eq. (2) but for path-
dependent forms and covariant derivatives. The re-
sulting integral conservation law includes only EMT
of matter (without gravitational field) and may be in-
terpreted as the extension of EP : gravitational field
may be excluded from the integral energy-momentum
conservation law for matter just as it is excluded from
the law of motion.
The key point making this possible is that the co-
variant derivatives acquire, in the Path Group for-
malism, a group-theoretical interpretation as gen-
erators of elements of the Path Group (generalized
translations). Earlier this was used to derive a non-
Abelian version of the Stokes theorem for gauge the-
ory [6, 3].
The plan of the paper is following. In Sect. 2 the
main concepts from theory of path groups will be
sketched. In Sect. 3 it will be shown how the group
of paths in Minkowski space M may be applied in
a curved space-time X (since M is identical to the
tangent space in any point x ∈ X ). In Sect. 4 the
3D/4D Stokes theorem for GR will be introduced and
in Sect. 5 the conservation for the material energy-
momentum will be formulated in integral form (EP
for energy conservation). A short conclusion will be
given in Sect. 6.
2 Path groups
Formalism of path groups (see [6, 3] and references
therein) generalizes the concept of translation onto
the case when infinitesimal translations do not com-
mute (as parallel transports in non-Abelian theory
or GR do not). Non-commutativity of translations
forces us, when composing a finite translation from
infinitesimal ones, to specify the order of those. The
finite translation is characterized then not only by
the difference between the initial and final points,
but also by the shape of the curve along which the
translation is performed. The resulting (generalized)
translation is formalized as a path, an element of a
path group p ∈ P . Mathematically a path is defined
as a class of equivalent continuous curves in the cor-
responding space, with the appropriate definition of
equivalence.
The most important for us are paths on Minkowski
space M. They form the group P = P (M). How-
ever paths may also be defined on any (even infinite-
dimensional) manifold G provided this manifold has
the structure of a group. The group of paths on the
group G is denoted by P (G). Since P = P (M) is
a group, we may define paths on this group. This
gives the group P (2) = P (2)(M) = P (P (M)). Each
element of this group is a path on the space of
paths on Minkowski space. Such an element will be
called 2-path on M. It generalizes the concept of
(2-dimensional) surface in such a way that this con-
cept be applicable in a non-Abelian theory. A 2-path
may be looked on as an ordered surface. The group
of n-paths on M (n-dimensional ordered manifolds)
may be defined recurrently as P (n) = P (n)(M) =
P (P (n−1)(M)). We shall need n-paths on M with
n up to n = 4 to generalize 3-dimensional and 4-
dimensional integrals.
In any path group P = P (G) the subgroup of
closed paths, or loops, exists, L ∈ P . It contains
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the curves with the initial and final points coinciding
with each other. In particular, in the group of n-
paths in Minkowski space, the subgroup of n-loops,
L(n)(M) ⊂ P (n)(M), is defined. It contains the
curves in P (n−1)(M) which begin and end by the
same (n− 1)-path.
For each path p we shall define the shift along the
path, ∆p, specifying the difference between its final
and initial points. The shift is defined by the sub-
traction ∆p = ξfin − ξinit for paths in a linear (e.g.
Minkowski) space or by left shift ∆p = [ginit]
−1 gfin
for paths on a group space. Closed paths have null
shifts: ∆l = 0 if l is a loop in a linear space (e.g.
l ∈ L(M)) or ∆l = 1 ∈ G for a loop in the group
space (l ∈ L(G)).
Besides ‘free’ paths p forming a group P we shall
consider also pinned paths pξ of the same shape but
with fixed initial points. They form a groupoid P̂
(not any pair of them may be multiplied). Relation
between both types of paths is analogous to the rela-
tion between free and pinned vectors.
Not going into much details, let us comment
on some essential points of the definition of the
path groups, illustrating them in case of paths in
Minkowski space. The main point is that a path is
not an individual curve but a class of equivalent con-
tinuous curves. The equivalence is defined in such a
way that the paths form a group.
1) The multiplication {ξ′′} = {ξ}{ξ′} of continuous
curves {ξ(τ)|0 ≤ τ ≤ 1} and {ξ′(τ)|0 ≤ τ ≤ 1}
(in any manifold, for example in Minkowski space)
is defined as the passage along one of them after the
other:1
ξ′′(τ) =
{
ξ(2τ) for 0 ≤ τ ≤ 12
ξ′(2τ − 1) for 12 ≤ τ ≤ 1
(11)
(ξ′(0) = ξ(1) is necessary to obtain again a continu-
ous curve). For this multiplication being associative
(as is necessary for a group), each path is charac-
terized by the corresponding curve independently of
its parametrization. This means that the curves are
1This definition differs from one accepted in the previous
papers in that the multiplied paths are ordered from the left
to the right (which is convenient for the application in GR).
considered equivalent if they differ only by the way
of parametrization.
2) The inversion of a curve {ξ(τ)|0 ≤ τ ≤ 1}−1
is defined as passing the same curve in the opposite
direction: {ξ′(τ) = ξ(1 − τ)|0 ≤ τ ≤ 1}. The mul-
tiplication of a path by the inverse path has to give
the group unity. This means that a curve obtained
by passing along some set of points and just after this
along the same set of points in the opposite direction,
is equivalent to the constant (null) curve. The class
of all such curves is interpreted as the unity of the
path group. To make this more manifest, one may
think that the backward passage of a curve cancels
this curve. The inclusion of such to-and-back-passed
curves in the middle of any curve (as an appendage)
converts the curve in an equivalent one.
3) If only these two elements of equivalence are
used in constructing the equivalence classes, then the
resulting classes form the set P̂ of pinned paths. The
initial and final points of each pinned path are fixed.
The pinned paths are convenient as a technical in-
strument. In the present paper we shall formulate
the definitions of integrals in terms of pinned paths.
However P̂ is not a group but only a groupoid. This
means that not any pair of pinned paths may be mul-
tiplied: for this being possible, the initial point of
one of them has to coincide with the final point of
the other. To obtain a group, we have to go over
to the free paths or simply paths. For this end we
need one more element of equivalence: two curves
are considered equivalent if they differ by a general
shift, ξ′(τ) = ξ(τ) + a (by a right shift in the case of
curves on a group, g′(τ) = g(τ) g0). Each path p ∈ P
is defined as a class of equivalent curves and may be
presented by any of these curves. We shall write in
this case p = {ξ(τ) ∈ M} or p = {g(τ) ∈ G} for
paths on a group. If a path p ∈ P and some point
ξ ∈ M (or g ∈ G in case of the path on a group)
are given, the pinned path pξ (correspondingly pg)
starting in this point is evidently determined.
3 Path groups in GR
Applying path groups in GR has important spe-
cial features as compared to their application in
4
gauge theory without gravity. The reason is that
the actual (physical) space-time without gravity is
Minkowski space M, hence path groups may be de-
fined on the physical space-time itself: P = P (M),
P (2) = P (2)(M) = P (P (M)), etc. With non-zero
gravitational field, the actual (physical) space-time
X is pseudo-Riemannian and has generally no group
structure. No natural concept of general shift (such
as right shift of a group space) can be defined on such
X , and the group of paths on X cannot be defined.
It happens however that the group P = P (M) of
paths on Minkowski space may do work also in GR.
The action of P is defined in this case not in the
space-time X , but in the fiber bundle N of orthonor-
mal local frames (bases of tangent spaces) over X .
This is possible because a tangent space to any
point of X has the structure of Minkowski space M
(note that this is just what underlines Einstein’s EP).
As a result, a sort of non-holonomic correspondence
between curves in X and paths in M (i.e. elements
of P ) may be naturally defined. This correspondence
has been used in [5] for formulating EP and its quan-
tum generalization in terms of the path group P (M).
The paths (inM) associated (in non-holonomic way)
with the curves in X are called there flat models of
these curves. EP have an elegant formulation in these
terms: the classical particles move (in X ) along the
trajectories which have straight lines (inM) as their
flat models.
Instead of the correspondence between curves in X
and their flat models in M we shall make use of an
equivalent machinery: the action of the path group
P = P (M) on the fiber bundle N of orthonormal lo-
cal frames over X . Let us define the main concepts of
this formalism. Note that the most important for us
are the basis vector fields Bα defined by (12) and the
operators U(p) (given by Eq. (13)) forming a rep-
resentation of the group P . The basis vector fields
correspond, in the fiber bundle N , to the covariant
derivatives on the base X . The operators U(p) de-
scribe parallel transports along the curves with the
given flat models p.
Let xµ (µ = 0, 1, 2, 3) be the coordinates in X .
A vector field in X may be defined as a differential
operator X = Xµ ∂/∂xµ where the components Xµ
(that may depend on the point, Xµ = Xµ(x)) spec-
ify the vector field in the given coordinate system.
A tangent vector in the given point x ∈ X may be
determined by its components Xµ in respect to the
given coordinates (since x is now given, Xµ are four
numbers rather then a point-dependent field). The
set of all vectors in the given point x forms the tan-
gent space T (x) in this point. The set of four lin-
early independent vectors {bα ∈ T (x)|α = 0, 1, 2, 3}
in the tangent space forms its basis or local frame in
the point x. Each of these vectors, bα, is character-
ized by their components bνα. Therefore, 20 numbers
{xµ, bνα|α, µ, ν = 0, 1, 2, 3} completely characterize a
local frame b (including characterization the point x)
and may serve as the coordinates in the set B of all
local frames in all points of X . The set B is a fiber
bundle of local frames over X . The space-time X is
said to be the base of the fiber bundle B. The subset
Bx of local frames in the given point x is a fiber over
this point.
We shall need also the subbundle N ⊂ B of all
orthonormal local frames, i.e. those n ∈ B which
satisfy the relation
gµνn
µ
αn
ν
β = ηαβ
with gµν being metric tensor in X and ηαβ Minkowski
tensor (equal to Diag(1,−1,−1,−1)).
Vector fields on B may be given by their compo-
nents in respect to the coordinates (xµ, bνα) or as a
differential operators (cf. vector fields on X defined
above). An important instrument for us will be so
called basis vector fields Bα, α = 0, 1, 2, 3 in B closely
related to covariant derivatives. They are defined as
the differential operators
Bα = b
µ
α
∂
∂xµ
− bµαb
ν
β Γ
λ
µν(x)
∂
∂bλβ
, (12)
where Γλµν are Christoffel coefficients. The basis vec-
tor fields may also be considered as vector fields on
N (because the displacement along these vector fields
does not violate the normalization of local frames).
The linear combinations B(a) = aαBα defined by
the Minkowskian 4-vectors a = {aα|α = 0, 1, 2, 3}
are also called basis vector fields and determine the
subspace of horizontal vectors in each point of B or
N . The curves in B or in N are called horizontal if
5
they have horizontal tangent vectors in each point.
Horizontal curves define parallel transports of local
frames b ∈ B (or n ∈ N ) and therefore of tangent
vectors X ∈ T (x) to X . These operations may be
connected with paths in Minkowski space in the fol-
lowing way.
Let p ∈ P = P (M) be a path in Minkowski space.
Associate with this path an operator U(p) defined as
an ordered exponential (notice that the ordering is
performed from left to right)
U(p) = P→ exp
(∫
p
B(dξ)
)
= lim
N→∞
eB(δξ1) . . . eB(δξN ) (13)
where ξi (i = 1, . . . , N) is a ‘skeletonization’ of the
path p and δξi = ξi − ξi−1. It is important that the
operators U(p) form a representation of the group P .
Considering functions on B or on N and making
use of the equalities
(U(p)ϕ)(b) = ϕ(bp) or (U(p)ϕ)(n) = ϕ(np) (14)
we can define the action of the path p on these fiber
bundles, p : b → bp and p : n → np. The formulas
(13), (14) define parallel transports along the curves
with the given flat model p.
4 3D/4D Stokes theorem in GR
Let Hνµ(x) be a tensor field on X . Then the corre-
sponding tensor field on N (the lifting of the tensor
field from the base onto the fiber bundle) is
Hβα(n) = n
µ
α (n
−1)βν H
ν
µ(x). (15)
Here n is an orthonormal frame in the point x and
n−1 the inverse matrix for n = {nµα}. We shall also
define operator Hβα acting on the functions ϕ(n):
(Hβα ϕ)(n) = H
β
α(n)ϕ(n) (16)
The tensor fields on N which have arbitrary num-
bers of lower and upper indices (for example external
forms i.e. antisymmetric tensors with lower indices)
may be defined in analogous way.
With the help of the operators U(p) from Eq. (13)
we can also define the path-dependent tensor
Hβα(p) = U(p)H
β
αU(p
−1) (17)
and analogously for tensors of arbitrary ranks.
Although non-commutative operators U(p) are
present in the definition (17), the resulting path-
dependent tensors commute provided that the corre-
sponding local (point-dependent) ones (15), (16) do.
This is readily seen from the following formulas for
arbitrary tensors H1 and H2 (we omit their indices):(
H1(p1)H2(p2)ϕ
)
(n) = H1(np1)H2(np2)ϕ(n)
=
(
H2(p2)H1(p1)ϕ
)
(n). (18)
Hereinafter we shall assume commutativity of the
tensors (external forms) in the integrands. This will
be important for defining the integrals and for valid-
ity of the Stokes theorem.
Define a 3-dimensional ‘path-dependent’ integral
making use of the concepts elaborated in theory of
path groups. An analogue of the concept of (3-
dimensional) volume is a 3-path.2 Let a 3-path v
be defined by the following families of 2-paths and
paths:
v = {s(τ3)|0 ≤ τ3 ≤ 1} ∈ P̂
(3) (19)
s(τ3) = {p(τ2, τ3)|0 ≤ τ2 ≤ 1} ∈ P̂
(2)
p(τ2, τ3) = {ξ˜(τ1, τ2, τ3)|0 ≤ τ1 ≤ 1} ∈ P̂ .
Together with an arbitrary path p ∈ P̂ we shall
need to consider also the paths which coincide with
the parts of p. If p = {ξ(σ′)|0 ≤ σ′ ≤ 1}, then we
shall denote by pσ the part of the path p correspond-
ing to the interval 0 ≤ σ′ ≤ σ. In the explicit form
pσ = {ξ(σσ
′)|0 ≤ σ′ ≤ 1}.
Let Hαβγ(p) be a path-dependent 3-form corre-
sponding to a local 3-form Hµνκ(x) and its lifting
Hαβγ(n) to N . Define an integral of this form over
2It is enough for us to consider only pinned n-paths p̂(n) ∈
P̂ (n). However, for simplicity we shall use the term ‘n-path’
instead of ‘pinned n-path’ and notation p(n) instead of p̂(n).
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the 3-path v as
IH(v) = 3!
∫ 1
0
dτ1
∫ 1
0
dτ2
∫ 1
0
dτ3
×
∂ξ˜α
∂τ1
·
∂ξ˜β
∂τ2
·
∂ξ˜γ
∂τ3
Hαβγ(pτ1(τ2, τ3)) (20)
where ξ˜ = ξ˜(τ1, τ2, τ3). The function of 3-paths thus
defined is additive: IH(vv
′) = IH(v) + IH(v
′).
Analogously, let us introduce the following nota-
tions for a 4-path w:
w = {v(τ4)|0 ≤ τ4 ≤ 1} ∈ P̂
(4) (21)
v(τ4) = {s(τ3, τ4)|0 ≤ τ3 ≤ 1} ∈ P̂
(3)
s(τ3, τ4) = {p(τ2, τ3, τ4)|0 ≤ τ2 ≤ 1} ∈ P
(2)
p(τ2, τ3, τ4) = {ξ(τ1, τ2, τ3, τ4)|0 ≤ τ1 ≤ 1} ∈ P.
Define an integral, over this 4-path, of the 4-form
K determined by the antisymmetric tensor Kαβγδ:
IK(w) = 4!
∫ 1
0
dτ1
∫ 1
0
dτ2
∫ 1
0
dτ3
∫ 1
0
dτ4
×
∂ξα
∂τ1
·
∂ξβ
∂τ2
·
∂ξγ
∂τ3
·
∂ξδ
∂τ4
·
× Kαβγδ(pτ1(τ2, τ3, τ4)). (22)
The integral is also additive: IK(ww
′) = IK(w) +
IK(w
′).
The (generalized) Stokes theorem is the equality,
under certain conditions, of the 3-dimensional and 4-
dimensional integrals (20) and (22). They turn out to
be equal if the following two conditions are fulfilled:
(i) K is the covariant external derivative of 3-form H
(let us denote this as K = DH), and (ii) the 3-path v
is a (generalized) boundary of the 4-path w (denote
this relation as v = Dw). In this case
IH(Dw) = IDH(w) (23)
The statement (i) means that formK is determined
by tensor Kαβγδ = ∇[αHβγδ] i.e. by the lifting of the
usual covariant external derivative ∇[µHνκλ](x).
The statement (ii) will be defined here as follows:3
1) v = ∆w, i.e. the 3-path v is equal to the shift
3Other variants of this condition also leading to the equality
may also be considered.
along the 4-path w, and 2) all 3-paths of the family
v(τ4), τ4 ∈ [0, 1] (including v = v(1)), are 3-loops, i.e.
closed 3-paths, v(τ4) ∈ L̂(3) ⊂ P̂ (3). If we choose for
simplicity the initial 3-path v(0) to be a null hyper-
surface in some point, i.e. take v(0) = 1 ∈ L̂(3), then
the first condition looks simpler: v = v(1) or
ξ˜(τ1, τ2, τ3) = ξ(τ1, τ2, τ3, 1). (24)
The equality (23) is a gravitational covariant ana-
logue of Stokes theorem connecting the 3-dimensional
and 4-dimensional integrals. It may be proven in two
steps: first, with the help of additivity of the integrals
(20) and (22), the equality (23) is reduced to the same
equality but for infinitesimal w; second, the latter is
directly verified (in the corresponding order) for an
infinitesimal 4-dimensional cube. Decomposition of
the finite integral (22) in the sum of the infinitesimal
integrals over infinitesimal 4-cubes is performed with
the help of the structure (21) of the 4-path w as a
framework.
5 Conservation of material
energy-momentum in GR
The form H in the Stokes theorem (23) may have
additional indices, and covariant derivatives in the
expression for the external derivative DH should be
calculated with all the indices taken into account,
including also additional indices. Therefore, we may
apply theorem (23) for the four 3-forms expressed in
terms of EMT asH
(α′)
βγδ = T
α′α ǫαβγδ.
4 Because of the
covariant derivative of EMT being zero, ∇αTα
′α =
0, we obtain that DH(α) = 0 for all α. Therefore,
integral IH(α)(v) defined by Eq. (20) is zero each time
when the 3-path v = Dw for some 4-path w:
IH(α′)(Dw) =
∫ 1
0
dτ1
∫ 1
0
dτ2
∫ 1
0
dτ3
∂ξ˜α
∂τ1
·
∂ξ˜β
∂τ2
·
∂ξ˜γ
∂τ3
ǫα′′αβγ T
α′α′′(pτ1(τ2, τ3)) = 0. (25)
This is a covariant integral form of the conserva-
tion law for energy-momentum of matter. It has an
4∇[αH
(α′)
βγδ]
is defined in this case by lifting ∇[µH
(µ′)
νλκ]
(x).
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unusual feature: integral (25) is expressed in terms of
curves in the standard Minkowski spaceM connected
with the physical space-time X in an non-holonomic
way.
One more peculiarity of the conservation law (25) is
that it is written in the form of an operator equality.
Explicit dependence of the integrand on local frames
n ∈ N arises only when the operator (25) acts on a
function ϕ(n) determined in N . If this function is
concentrated in a small vicinity of some local frame
n0, then each path p ∈ P in the integrand of (25) cor-
responds in fact to the frame n = n0 p (which in turn
determines the point x ∈ X such that n ∈ Bx). In
this case the properties of integral (25) become more
transparent and can be compared with the analogous
integral in the flat physical space-time (where there
is no gravity).
Both general structure and interpretation of inte-
gral (25) are just the same as for energy-momentum
conservation in flat space-time (see Sect. 1 after
Eq. (2)). For the appropriate choice of a 3-path (or-
dered hypersurface) v = Dw it may be divided in
3 parts: the bottom and top corresponding the 3-
volume in the past and future and the side hypersur-
face corresponding to the surface of this volume in
the intermediate times. If the integral over the side
hypersurface is zero, then the energy-momentum in
the past volume is equal to the energy-momentum in
the future volume.
This is the integral energy-momentum conserva-
tion law but formulated in terms of 3-paths (ordered
volumes) instead of usual volumes. However, it can
easily be seen that the integral over an ordered space-
like volume in this construction does not depend of
its ordering. To show this, we may form a 3-path
v = Dw with the null side hypersurface and bottom
and top differing only by ordering (therefore covering
the same volume). Then it follows from the conser-
vation law that the integrals over bottom and top are
equal, hence the volume integral does not depend on
the ordering.
There is one more peculiarity of the conservation
law (25) as compared with the flat-space-time one.
The geometric elements (past and future volumes and
side hypersurface) are described in (25) in terms of
the ‘standard’ Minkowski space-timeM which is con-
nected with the physical space-time X in an non-
holonomic way. In particular, a continuous (solid)
volume in M corresponds in general case to a ‘dis-
persed volume’ in X . Such a ‘volume’ consists of
distinct infinitesimal volume elements with infinites-
imal spaces between them (or quite the reverse, in-
finitesimally intersecting with each other). This is
illustrated in Fig. 1 where the two-dimensional anal-
ogy is presented. An example of parallel paths inM
is drawn in the left part of the figure. In X (right
part) these paths correspond to a family of geodesics
which are parallel at the beginning but diverge later.
The small volumes filling the spaces between the par-
allel paths in M, correspond in X to small volumes
of the same size, but now they do not fill the spaces
between the geodesics.
Eq. (23) describes the conservation of the energy-
momentum of matter, without energy-momentum
of the gravitational field. In this sense it extends
the equivalence principle from the law of motion
to the energy-momentum conservation law: energy-
momentum of matter alone is conserved, gravita-
tional field is excluded from this conservation law.
This cannot be done in terms of usual coordinate
frames, but is naturally described by paths in sub-
sidiary Minkowski space: elements of a dispersed vol-
ume are then brought together in the solid volume.
If the paths in the 4-integral (22) are direct lines (as
in Fig. 1, but not necessarily parallel) describing the
parts of the matter moving along geodesics, then the
conservation law is interpreted as the conservation of
the rest energy of matter.
6 Conclusion
It is commonly believed that no integral conservation
law follows from the fact that the covariant deriva-
tive of the energy-momentum tensor (EMT) of mat-
ter is zero in General Relativity (9). We showed
above that this is wrong. Nullification of covariant
derivative of EMT leads to the integral conservation
law for energy-momentum of matter (without energy-
momentum of gravitational field). This may be in-
terpreted as an equivalence principle for energy.
Mathematically this conservation law is expressed
8
in terms of the standard Minkowski space-time M
connected with the physical space-time X in a non-
holonomic way. Path groups provide an adequate
mathematical formalism for dealing with M and X .
Fiber bundle N of orthonormal local frames (having
X as its base) is essentially used in this formalism.
Previously the equivalence principle (claiming that
the material points move along geodesics) as well as
its quantum generalization were formulated in terms
of ‘standard’ Minkowskian space-time M and group
P (M) of paths in M [5].
One of the consequences of the non-holonomic con-
nection between M and X is that a solid volume in
M (appearing in the discussed conservation law) cor-
responds to a dispersed volume in X . This feature is
the reason why the energy conservation law formu-
lated above in terms of the paths in the ‘standard’
space-time M cannot be expressed directly in terms
of usual coordinates in the physical space-time X .
The physical interpretation of this unusual property
of energy in its relation to volume may be connected
with the phenomenon of dark matter and serve as an
explanation of this phenomenon. This will be dis-
cussed in a separate paper.
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Figure 1: The dispersed volume in X (right) corre-
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